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Let G be an (r+2)-connected graph in which every vertex has degree at least 4 and which
has at least 2d —r vertices. Then, for any path Q of length » and vertex y not on Q, there is a cycle
of length at least 24— containing both Q and y.

1. Introduction

All graphs considered in this paper are simple. For basic graph-theoretic
terminology, we refer the reader to [3]. The following is a well-known result of
Dirac [4].

Theorem 1.1. (Dirac). A 2-connected graph G, in which the degree of every vertex
is at least d and which has at least 2d vertices, contains a cycle of length at least 2d. |}

Since Dirac’s original publication of the above theorem, there have been
several papers which present new proofs and generalizations. Groétschel [7] shows
that, under the conditions of Dirac’s theorem, G contains a cycle of length at least
2d which passes through any given vertex. Moreover, Voss [14] has announced
that, under these conditions, G has a cycle of length at least 24 which contains
any two given vertices. In this paper we prove this result.

Voss and Zuluaga [15] note that Grotschel’s main theorem implies the
following result for 3-connected graphs.

Theorem 1.2, Let G be a 3-connected graph, in which each vertex has degree at least
d, and which has at least 2d—1 vertices. Then for any pair of distinct vertices x and
zin G, there is a path of length at least 2d—2 whose endpoints are x and z. |}

We also improve this result by proving that, under the given hypothesis,

there is a path of length at least 2d—2 joining x and z which passes through a
given vertex y.

AMS subject classification 1980: 05 C 38, 05 C 40
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2. Paths in 2-connected graphs

Let G be a graph. We denote the set of vertices of G by V(G), and the set
of edges of G by E(G). For any vertex x in G, the set of neighbours of x is N(x),
and the degree of x is d(x). Let P be a path in G. For vertices x and z on P, we
denote the section of P from x to z and including both x and z by P[x, z]. If P has
not been previously defined, we use P[x, z] to denote any path from x to z. Let
x and z be vertices of G, and let Y be a subset of the vertices of G. An (x, ¥, z)-
path is an (x, z)-path P which includes every vertex of Y. When Y has exactly one
vertex y, P will also be referred to as an (x, y, z)-path. An (x, Y, z: d)-path is an
(x, Y, z)-path whose length is at least d. If ¥ is empty, we shall refer to P as an
(x, z: d)-path. For a set of vertices S and a vertex y, the restriction of S onio y,
written S|y, denotes the set S if y¢S, and the set {y} if y€S.

Lemma 2.1 generalizes a result of Erdds and Gallai [6] (see also Lovasz [12],
exercise 10.19).

Lemma 2.1. Let G be a 2-connected graph with at least three vertices, let u and v
be distinct vertices of G, and let d be an integer. Suppose that every vertex of G, except
possibly u and v, has degree at least d. If X is a set of at most two vertices for which
there is a (u, X, v)-path, then there is a (u, X, v: d)-path in G.

Proof. We proceed by induction on d. If ¢=2, the result is obvious. Thus, we
may assume that 4=3.

Suppose that |X|=1. If |X|{=0, let x and y be any two adjacent vertices
of G—{u,v}. If |X|=1, let X={x} and let y be any vertex of G— {u, v} adjacent
to x. By Menger’s theorem [13], there are two disjoint paths from {u, 2} to {x, y},
and therefore, a (u, {x, ¥}, v)-path in G. Thus we may restrict our attention to the
case in which |X|=2.

Let X={x,y} and let P be a (i, X, y)-path. Without loss of generality,
we may assume that x precedes y on P. If every neighbour of X 1s on P, then, since
d(x)=d, the length of P is at least d. Thus, we may assume that x has some neigh-
bour which is not on P. Similarly, we may assume that y has some neighbour which
is not on P. Let H, be a component of G—V{P) which contains a neighbour of
x, and let H, be a component of G—¥ (P) which contains a neighbour of y. (We
allow the possibility that H,=H,.) For any vertex z of G-V (P), let n(z) denote
the number of neighbours of z which lie on P. We shall begin by finding an
(x1. x5 d—n(x,))-path P, in H, such that x, is a neighbour of x, and n(x;)=0.

Suppose, first, that H, has no cutvertex. Let x; and x, be vertices of H,
chosen as follows:

(i) x; and x, are distinct if H, has more than one vertex;
(ii) x4 is a neighbour of x, and x, has a neighbour on P other than x; and

(iii) n(x,) is as large as possible, subject to (i) and (ii).

(We can find such a pair of vertices because G is 2-connected.) Every vertex of
H,, except possibly x;, has degree at least d—n(x,). By induction, there is an
(%1, x5 d—n(xy))-path P, in H,.

Suppose, now, that H, has a cutvertex. Let z be a neighbour of x in H,,
let B be an endblock of H, not containing z as an internal vertex, and let b be
the cutvertex of H, in B. If some internal vertex of B has a neighbour on P other
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than x, choose x, to be such a vertex with n(x,) as large as possible, and let x;==z.
Thus, the degree of every vertex of B, with the possible exception of b, is at least
d—n(xg). By induction, there is a (b, x,: d—n(xy))-path in B. This path, concatenated
with any (x,, b)-path in H,, is an (x;, x,: d—n(x,))-path in H,.

Thus, we may assume that no internal vertex of B has a neighbour on P
other than x. Note that each internal vertex of B has degree at least d—1 in B. Let
x; be any internal vertex of B with n(x;)=1, and let x, be any vertex of H, which
has some neighbour on P other than x. By induction, there is an (x;, b: d—1)-path
in B, and this path, together with any (b, x,)-path in H,, is an (x,, x,: d—1)-path
n H..

Hence, in each case, we have shown that there is an (v, x,: d —n(x,))-path
P in H, such that x; is a neighbour of x, and x, has some neighbour on P
other than x.

Suppose that x, has a neighbour on P[u, y] other than x, and let x; be a neigh-
bour of x; on Plu, y] which is closest along P to x, without being equal to x. Then

P’ = (P—E(P[x, xg]))U {xxy, xpx5} U P,
is a (u, {x,y}, v)-path (see Figure 1). Furthermore,
|E(P)| = (n(xy)—2)+2+ (d—n(xy)) = d.

Thus, P’ is a (i, {x, y}, v: d)-path.

Therefore, we may assume that every neighbour of x, on P is in the set
{x}UV(P[y,v])—y (see Figure 2).

Suppose H,#H,. Then, as before, we can choose a (yl,yzz d—n(y))
path P, in H,, where y, is neighbour of y, and y, has some neighbour on P other
than y. If y, has a neighbour on P[x, »]—y then, as in the case for H,, we can
find a (4, {x, »}, v: d)-path. Thus we may assume that every neighbour of y, on
P, other than y, lies on Plu, x]—x. Let x, be the neighbour of x, closest to y on
Ply, ], and let y; be the neighbour of y, closest to x on Pfu, x]. Then

P' = Plu, y3] y3y2 Py 1 yP[y. X)xxy P Xy x5 Plxy, 0]
is a {u, {x, 3}, v: d)-path (see Figure 3).

X [+ ¥
O
i X P Xy y
Fig. 1
! s %2
[~
u x P ¥ v

Fig. 2
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5 Px &
P2y ¥
O <>
u X P X v
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Fig. 3

In the remaining situation, H,=H,. Suppose H_ is 2-connected. Then,
since x, is not a neighbour of y, we can choose any nelghbour of y in H, as yi,
and choose X, as y,. By the induction hypothesis, there is a (y;, yo: d—n( yz))—path
P, in H, and, by the choice of x,, no neighbour of y, lies on P[u, )] x. Let y; be
the neighbour of y, on P which is closest to y along P. Then

= (P—E(P[y, J’:;]))U {yy1, J’2J’3}UPr

is a (u, {x, y},v: d)-path.

If H, is separable, let z, b and B be as defined earlier in this proof. Then,
if B has an internal vertex adjacent to some vertex of P other than x, we can choose
x, and x, as before. Let y, be a nelghbour of y in H,. If y, is not internal to B,
then choose x, as y,. Then there is a (y,, ya: d—n( yz)) -path P, in H,. Again, since
¥z has no neighbours on Plu, y]—x, there is a (u, {x,y},v: d) path in G.

If y, is internal to B, then, by the induction hypothesis, there is a
(b, y1: d—n(xy))-path Q in B. Thus there is a (x,, y.: d—n(x,))-path O, in H_.
Also, by the choice of x,, [E(P[¥, 2])|=n(x,)—1. Hence

P’ = Plu, x]U {xx;, yy}UQ,UP[y, v]

is a (u, {x, y}, v: d)-path.

Suppose that no internal vertex of B has a neighbour other than x on P.
Let y, be any neighbour of y not in B—b, and let y, be any neighbour of x in B—b.
As before, G has a (u, {x, ¥}, »: d)-path.

Thus, in all cases, we have shown that G has a (u, {x, y},»: d)-path. ||

In [9], we prove that the resuit of Lemma 2.1 holds if |X[=3.

3. Cycles in graphs of connectivity two

Using Lemma 2.1, it is now possible to prove a stronger version of Dirac’s
theorem for graphs with connectivity two. (In the next section, we shall prove a
similar result for 3-connected graphs.) We call C an (x, y: d)-cycle if it contains
x and y, and has length at least 4.
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Theorem 3.1, Let G be a graph with connectivity two, let x and y be vertices of G,
and let d be an integer, d=2. Suppose that each vertex of G has degree at least d.
Then G has an (x,y: 2d)-cycle.

Proof. Since G has connectivity two, there is a pair of vertices # and v in G such
that G—u—v is disconnected. We consider two cases depending on which com-
ponents of G—u—w» contain x and y.

Case (i). Suppose that x and y are in different components of G—u—w», and let
these two components be H, and H,, respectively. Let

G, = G[V(H)U {u, v}]U {uv}
and

G, = G[V(H) U {u, v}]U{uv}

Then G, and G, each satisfy the hypotheses of Lemma 2.1. Thus, thereisa (u, x, v: d)-
path P, in G,, and a (u, y, v: d)-path P, in G,. The cycle P,UP, is an (x, y: 2d)-
cycle in G.

Case (ii). We may assume that there is no pair of vertices # and » for which x and
y fall into different components of G —u—». We may assume that G—x—y is con-
nected, since otherwise we could choose the vertex cut {x,»} and new vertices x’
and y of G such that x” and y’ fall into different components of G—x—y, and then
proceed as in Case (i). We may assume that G —x is 2-connected, since otherwise
we could choose a vertex cut {x, v} and a new vertex X’ of G such that x” and y
fall into different components of G—x—wv, and again, proceed as in Case (i). Sim-
ilarly, we may assume that G—y is 2-connected.

Let {u, v} be any vertex cut of G, let H, be the component of G—u—v con-
taining x and y, and let H, be any other component. Let

. G, = G[V(H)U {u, v}]U {uv}
an
G, = G[V(H)U {u, v}|U{uv}

Then G, satisfies the conditions of Lemma 2.1, and thus there is a (i, v: d)-path
P, in G,. We now want a (u, {x, y},v: d)-path in G,, and thus need only show
that G satisfies the conditions of Lemma 2.1; specifically, we must show that
there is a (u, {x, y}, v)-path in G;.

Suppose x and y are adjacent. Then, by Menger’s theorem; there are dis-
joint paths Q) and Q, from {x, y} to {v, »}. Thus, Q;UQ,U {x, y} is a (u, {x, y}, v)-
path in G,.

We may therefore assume that x and p are not adjacent and that, in G, there
is no vertex cut of size two separating x and y, and thus, by Menger’s theorem,
there is a set of internally-disjoint (x, y)-paths Q,, Q, and Q;. Since G, is 2-con-
nected, there are two disjoint paths, Ry, w,] and R;[v, wp] with wy, w,€
V(Q:UQ,UQ) (If ucV(0,UQ,UQ;), we set Ry=u, and if v¢¥(Q;UQ,UQy),
we set Rzzv.) If w; and w, are both on the same path, say, O, then

Py = R{UR,UQ,U(Q, — E(Q;[w;, wa])
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is a (u, {x, y}, v)-path in G,. If w, and w, are on different paths, say, Q, and Q,
respectively, then
P, = RUR,UQ,UQ,[x, w]UQy[w,, y]

is a (u, {x, y}, v)-path in G;. Thus, G, satisfies the conditions of Lemma 2.1. Hence,
there is a (u, {x, y},v: d)-path P in G,, and an (x,y: 2d)-cycle P{UP, in G. |

4. Paths and cycles in 3-connected graphs

In this section, we prove two closely related theorems: that a 3-connected
graph G with minimum degree at least d contains

(i) an (x,y: 2d)-cycle C for any distinct vertices x and y in G, provided
that |V(G)|=2d; and

(ii) an (x,y,z: 2d—2)-path P for any distinct vertices x,y and z in G,
provided that |[F(G)|=2d-1.

In the remainder of this paper, we call T a #rail if T is a path or a cycle.
This is a restriction of the usual definition of a trail. Let S=s,,85,...,5, be a
sequence of vertices, where k=2. We call T an (sq, 53, ..., S)-trail if s;7s, and
T is an (sy, s)-path containing S in the specified order, or if s;=s;, and T is a
cycle containing S in the specified order. An (sy, 83, ..., 8: d)-trailisan (sy, g, ..., §)-
trail of length at least d. The cycle C in (i) and the path P in (ii) are (x, y, z)-trails,
with x=z and x3z2z, respectively. The difference in the lengths that may be
achieved occurs precisely because of this distinction, as we shall observe later.

We shall make use of the following lemma, which is similar to Lemma 2
of [2]. In the statement of Lemma 4.1, 2 denotes a variation of the Kronecker
delta: 82=0 if x=z, and di=1 otherwise.

Lemma 4.1. Let x and z be vertices of a graph G. Suppose that G has at least one
(x, z)-trail, and let T be the longest such trail. Furthermore, suppose that there exist
vertices w and v adjacent to T, but not on T, and a vertex q such that:
(i) IN@NN@)OV(T)|=r:
(ii) (N@UN@)NV(T)|=k, for some k=2; and
(iii) there is a (u,q,v: I)-path P disjoint from T.
Then G contains an (x,q;z: 2(k—8%2)+sl)-trail, where

_{1 if 0=r=1;
STlr—1 if 2=r=sk

Proof. Denote the neighbours of ¥ and » on T by v,, v,, ..., ¥, ordered along T.
We shall construct k—1 (x, z)-trails Ty, T,, ..., Ty_; corresponding to the k—1
pairs of vertices v;,v;;q, i=1,2,....k—1.

There are two cases (see Figure 4).
If »; and v,,, are both adjacent to the same endvertex of P, say u, but not to the
other, we define the corresponding trail T; to be T'[x, v;]v;uv;4,T[v;+,, 2z]. Other-
wise, without loss of generality, »; and v;,,; are adjacent to # and v, respectively.
In this case we define the trail T; to be T[x, v]v;uPvv; T[v;1, 2]
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Since each T; is an (x, z)-trail, and T is the longest such trail, the vertices
v; and v;;, must be separated by at least two edges of T in the first case, and at
least 2+/ edges of T in the second case. Furthermore, at least s of the T; contain
P. Suppose v; is adjacent to u, and v, 1s adjacent to v, as in the second case. Then,
if x3z, T; has length at least 2(k—1)+sl.

u P v
Om — O
x Yi Vit T z
u P v
‘ ©
x Y T Vi z
Fig. 4

If x=z, then either there is an edge from x to one of » or », and thus we
may count z as being v, ,,; or there is no edge from x to u or », and thus there
are two more edges in T;. Hence, in either of these situations, |E(T})|=2k+sl. |}

We note that the difference between the two cases x=z and x#z arises
because the vertices vy, v,, ..., v, must partition 7" into k subpaths if T is a cycle,
but may only partition T into k—1 subpaths if T is a path.

In the next lemma, we require that stronger conditions be satisfied.

Lemma 4.2. Let x and z be vertices of a graph G. Suppose that G has at least one
(x, z)-trail, and let T be a longest such trail. Suppose that there exist vertices uy, U,
and u; adjacent to T, but not on T, and a vertex g such that

(1) (N@)UN@u)UN@ug))NV(T)|=k, for some k=3;

(it) if u,, and u, both have exactly one netghbour on T, then these two neigh-
bours are distinct, for msn; and

(iii) there is a (u,,q,u,: )-path P,, disjoint from T, for msn.
Then G has an (x,q,z: 2k+21—26%)-trail.

Proof. As in the proof of Lemma 4.1, let v, 2y, ..., v, denote the neighbours of
uy, u; and w3, and construct (x, z)-trails Ty, 5, ..., Ty—y, each of which uses some
P,,, if possible. At least two of these trails, say T; and T}, use some P, (not nec-
essarily the same one). Thus, v; and »;,; are separated by at least 24/ edges on
T, and »; and v;,, are separated by at least 24/ edges on 7. Hence, |Ti|=
>2(2+1)+2(k 26t y=2k+2/-262. |
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Using the previous two lemmas, we now prove the main theorem of this
section.

Theorem 4.3. Let G be a 3-connected graph, let x, y and z be vertices of G, and let
d be an integer, d=3. Suppose that G has at least 2d— 6% vertices, and that every
vertex of G (except, possibly, x and z) has degree at least d. Then G has an
(x,y,z: 2d—208%)-trail.

Proof. For convenience, we set m=2d —25§. Let T be a longest (x, z)-trail in G.
If T contains every vertex of G, then T is the required (x, ¥, z)-trail. Otherwise,
let y E(V(G) V(T))|y. We shall show that G has an (x, y’, z: m)-trail 7. Thus
if y=y', T" is an (x, Y, z: m)-trail. If ys£y’, then yéV(T), but T is at least as
long as T” and thus T is an (x, y, z: m)-trail.

Let H be the component of G—V (T) containing y’. We consider four cases:
(i) V(H)={y}

(it) V(H)={y',w}, for some vertex w;

(iti) H is separable;

(iv) H is 2-connected.

Case (i). All of the conditions for Lemma 4.1 are satisfied by setting u=v=¢=y",
=0, and r=d(y)=d. Thus G has an (x,y, z: m)-trail.

Case (ii). All of the conditions for Lemma 4.1 are satisfied by setting u=¢g=y",
v=w, I=1, k=d()’)—1=d—1 (note that k=3, since G is 3-connected) and
r=2(d—1)—k. By Lemma 4.1, there is an (x, )/, z)-trail T~ such that

|E(T")| = 2(k—6%) +s
=2(k—6%)+r—1
= k—2624+2(d—1)—1
= 2(d—6%)+(k—3)
=m.

Case (iii). Choose endblocks B; and B, of H, with cutvertices b, and b,, respectively,
such that there is either a (by, ', by)-path Q or a (¥, by, by)-path Q” in H. (The
cutvertices b, and b, are not necessarily distinct.) Let # be an internal vertex of
B, with the largest number of neighbours on T, let 4, denote this number, and let
%’ be any neighbour of ¥ on 7. Let » be an internal vertex of B, which has some
neighbour on T other than & and, subject to this condition, the largest number
of neighbours, d,, on T.

Let y”€(V(B,)—b,)|y’. By Lemma 2.1, there is a (u,y”, b;: d—dy)-path
Q; in B; and a (b,,v:d—d,)-path in B,. Let P=0,0Q, if y'¢B;, or P=
=0,0'[by, bs]Q, if ¥y ¢B,. Then the conditions of Lemma 4.1 are satisfied with
this path P, /=2d—d,—d, and k=max {d;, d,}. Hence, G has an (x, ), z)-trail
T, with |E(T)|=2(k—8%)+I1=m.
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Case (iv). Since G is 3-connected there are three disjoint paths from V(H) to V(T).
Thus there are vertices u;, 4, and u; satisfying conditions (i) and (ii) of Lemma
4.2. Choose such vertices u,, u, and u, with d,, d, and d; neighbours on T, respec-
tively, such that d,=d,=d; and d; is maximum. Suppose, first, that w6V (H)—
—{uy, uy, U} has d, neighbours on T, where d,>d,. If d;=3, then ug, u, and
u; satisfy condition (i) and (ii) of Lemma 4.2, contradicting the choice of u;, u,
and u;. Thus d,=2, di=d,=d;=1, and Nu)NV(T)=(N(u) UN@u)) "V (T).
Hence, u,, u; and u, satisfy conditions (i) and (ii) of Lemma 4.2, again contradicting
the choice of u;, u, and u,. We may therefore assume that u,, u, and u, are vertices
of H such that no vertex of V(H)— {u;, «,, 5} has more neighbours on T than
u,. Thus every vertex of H has degree at least d—d, in H. By Lemma 2.1, there is
a (u;, ¥, u;: d—d,))-path, 1 =i<j=3. Thus, by Lemma 4.2, there is a (x, y’, z: m)-
trail 77 in G, completing the proof of the theorem. ||

We separate the results of Theorem 4.3 into the following two corollaries.

Corollary 4.4. Let G be a 2-connected graph with minimum degree d and at least
2d vertices, for some positive integer d. Then, for any two vertices x and y in G, there
is a cycle of length at least 2d containing both x and y.

Proof. Immediate from Theorem 3.1 and Theorem 4.3. §

Corollary 4.5. Let G be a 3-connected graph with minimum degree d and at least
2d—1 wertices, for some positive integer d. Then, for any three vertices x, y and z
in G, there is an (x, z)-path of length at least 2d—?2 which contains y.

Proof. Immediate from Theorem 4.3. |

Theorem 8 of [7] assumes conditions on the degree sequence of a graph.
We state this theorem as it applies to (r42)-connected graphs.

Theorem 4.6 (Grotschel). Let G be an (r+2)-connected graph, r=0, with minimum
degree d and at least 2d—r vertices. Then, for any path Q of length r, there is a cycle
of length at least 2d—r which contains Q. |}

We can deduce a stronger result.

Corollary 4.7. Let G be an (r+2)-connected graph, r=0, with minimum degree
d and at least 2d—r vertices. Then, for any path Q of length r and vertex y not on
Q. there is a cycle of length at least 2d—r which contains Q and y.

Proof. If r=0, this corollary is equivalent to Corollary 4.4. If r=1, let S be the
set of internal vertices of Q, and let x and z be the endpoints of Q. Then G—S§
satisfies the hypotheses of Theorem 4.3 (with minimum degree d—r+1 and x#z).
Thus, there is an (x,p,z: 2(d—r+1)—2)-path P in G—S. The cycle PUQ has
length at least 2d—r. |}

Enomoto [5] has recently proven an Ore-type generalization of Theorem 4.6.
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5. Cycle space of 3-connected graphs

A graph G is k-generated if its cycle space is generated by cycles of length
at least k. Theorem 4.6, with r=1, would be an immediate consequence of the
following conjecture by Bondy [1].

Conjecture 5.1. Let G be a 3-connected graph and let d be a positive integer. Suppose
that each vertex of G has degree at least d, and that G has at least 2d vertices. Then,
for every cycle C of G, there is a set of cycles {C;}y, where m is an odd integer
and C; has length at least 2d—1 for each i, i=1,2, ..., m, such that

Conjecture 5.1 would imply that any graph satisfying these hypotheses is
(2d—1)-generated. Let G be a graph on at least 24 vertices and with minimum
degree at least d. Choose any two vertices x and y in G. Then GU {xy} also satisfies
the hypotheses of Conjecture 5.1. Hence, there would be a cycle C of length at
least 2d—1 using xy. But then C—xy is an (x, y: 2d—2)-path in G.

Voss and Zuluaga [L15] prove that every 2-connected graph with minimum
degree d and at least 2d vertices has an even cycle of length at least 24 and, if G
is not bipartite, an odd cycle of length at least 2d—1. This result, restricted to 3-
connected graphs, would be an immediate consequence of Conjecture 5.1.

Hartman [8] has proved the following theorem which is a variant of Con-
jecture 5.1 for 2-connected graphs. (We give a different proof in [11].)

Theorem 5.2 (Hartman). Let d be a positive integer and let G be a 2-connected graph,
G%K,,q, if dis odd. Suppose that each vertex of G has degree at least d. Then G
is (d+1)-generated. |}

In [10], we use methods similar to the methods of this paper to yield a partial
proof of Conjecture 5.1. The variant we prove is:

Theorem 5.3. Let G be a 3-connected graph and let d be a positive integer. Suppose
that each vertex of G has degree at least d, and that either G has at least 4d—5 vertices
or G is non-hamiltonian. Then, G is (2d—1)-generated. |

References

[11J. A. Bonpy, Personal Communication (1980).

[2]1 J. A. Bonpy, IriTH BEN-ARROYO HARTMAN and S. C. Lockg, A new proof of a theorem of
Dirac. Congressus Numerantium 32 (Proceedings of the Twelfth Southeastern Conference
on Combinatorics, Graph Theory and Computing, Baton Rouge, Louisiana, 1981), 131—
136.

{31J. A. Bonpy and U. S. R. Murty, Graph Theory with Applications. Elsevier North Holland,
New York (1976).

[4] G. A. Dmrac, Some theorems on abstract graphs. Proc. London Marh. Soc. 2 (1952), 69—381.

{5] H. EnomoTo, Long paths and large cycles in finite graphs. J. Graph Theory 8 (1984), 287—301.

[6] P. ErDGs and T. GaLLai, On maximal paths and circuits in graphs. Acta Math. Sci. Hung.
10 (1959), 337—356.



GENERALIZATION OF DIRAC'S THEOREM 159

[71 M. GrotscHeL, Graphs with cycles containing given paths. Ann. Discrete Math. 1 (1977),
233245,
[8] IriTH BEn-ARROYO HARTMAN, Long cycles generate the cycle space of a graph. Europ. J. Com-
binatorics 4 (1983), 237—246.
[9]1 S. C. Locke, Some Extremal Properties of Paths, Cycles and k-colourable Subgraphs of Graphs.
Ph. D. Thesis, University of Waterloo (1982).
[10} S. C. Locks, A basis for the cycle space of a 3-connected graph. Annals of Discrete Math.,
to appear.
[111 8. C. LocKE, A basis for the cycle space of a 2-connected graph. Europ. J. Combinatorics, to
appear.
[12) L. LovAsz, Combinatorial Problems and Exercises. North-Holland (1979).
[13] K. MENGER, Zur allgemeinen Kurventheorie. Fund. Math. 10 (1927), 96—115.
[14] H.-J. Voss, Bridges of longest circuits and of longest paths in graphs. Beitrage zur Graphen-
theorie und deren Anwendungen (Praceedings of the International Colloguium, Oberhof,
1977), 275—286.
[15] H.-J. Voss and C. ZuLuaGa, Maximal gerade und ungerade Kreise in Graphen, 1. Wiss. Z.
Tech. Hochsch., IImenau 23 (1977), 57—70.

Stephen C. Locke

Department of Mathematics
Florida Atlantic University
Boca Raton, Fla 33431, U.S.A.

hid



